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Abstract—Interval type 2 fuzzy logic system (IT2FLS) is one
of the most straightforward approaches of type 2 fuzzy logic
system that is relatively easy to implement. In line with the
enhanced capability of the microprocessor, the interval type 2
fuzzy logic system becomes one of the solutions to overcome any
problems associated with uncertainty. However, due to
computation speed and limited resources, a real-time problem
occurs when the IT2FLS is implemented to the low-cost
microcontrollers. Based on this problem, it is essential to speed
up the computation of IT2FLS. This paper proposes a method
named Fuzzy Bilinear Interpolation-Look Up Table algorithm
that uses saved information and fuzzy interpolation to obtain the
output based on neighboring data to get higher data accuracy.
From the simulation results, it was found that Fuzzy Bilinear
Interpolation-LUT IT2FLS provides the same performance and
computes 14 times faster than IT2FLS.

Index Terms—Fuzzy Bilinear Interpolation; Interval Type 2
Fuzzy; IT2FLS; Speed Up IT2FLS.

l. INTRODUCTION

IT2FLS on embedded systems using low-cost
microcontrollers needs an appropriate method due to the
limited resources support. However, it is different if it is
applied to a personal computer. IT2FLS requires complex
computation from fuzzification to defuzzification [1-3]. The
famous defuzzification process is obtained using the KM
algorithm that may need a repeating calculation [2-3].

As type 1 fuzzy logic system (T1FLS) has been
implemented as controllers [4-13], some of them are
embedded systems [4-6]. IT2FLS, which is a simplification
of Type 2 Fuzzy Logic System (T2FLS) has better
performance than type 1 fuzzy logic systems because of its
ability to handle uncertainty [2]. IT2FLS has better
performance because it has a Footprint of Uncertainty (FOU)
on its membership function [14]. As a controller, IT2FLS is
applied as either in direct form [15-19], or in combination
with other methods, such as combining with PID controller
[20], functioning as an observer on the robust controller [21],
model reference adaptive [22], sliding mode [23], and
optimal hierarchy [24].

As mentioned above, most of the IT2FLS are used as
Interval Type 2 Fuzzy Logic Controllers (IT2FLC), in which
some of them are simulated using computer software [15-18],
[20-25]. IT2FLS has also been applied as an embedded
controller [19]. In some cases, the IT2FLC has been applied
to the PIC 18F4685 with inverted pendulum on cart plant
simulated by using MATLAB.

How to accelerate fuzzy inference computation have been
done by many researchers both for TIFLS and IT2FLS. The
methods for this are Look-Up Table (LUT) [12], [13], [25],
[27], FPGA [10] and by applying the Graphics Processing
Unit (GPU) [26]. However, in the LUT method and GPU
usage there are still limitations because the input
discretization for data table is the membership function [12].
In this case, when the membership function is many, it will
slow down the computation because of the large number of
data that must be accessed. The simpler LUT method is
established by making the input into some regions, with each
region has its fuzzy rule [25]. However, this will decrease its
accuracy because if the input range is zoomed, a lot of
different information that is considered the same will exist.
This problem can be fixed through Fuzzy LUT by adding the
interpolation process [27]. In this case, the table is arranged
based on the bit data resolution, and it uses 6 bits data that is
interpolated to 8 bits of data to save the memory storage.

The purpose of this paper is to develop a slightly different
method from [27] by using a fuzzy bilinear interpolation
method. The data will be interpolated with discretized source
data in different ranges. The rest of this paper is organized as
follows. Section 2 presents the KM Algorithm of IT2FLS
type reducer, while Section 3 and 4 present the description of
fuzzy bilinear interpolation and simulation results from the
two-mass spring’s x2 position control using Fuzzy Bilinear
Interpolation-LUT IT2FLS.

1. KM TYPE REDUCER ALGORITHM

A detailed description of IT2FLS is found in [2]. The fuzzy
interval of type 2 is shaped like a ribbon bounded by the upper
membership function and the lower membership function.
The area is called FOU. The degree of secondary membership

isl. If i o) is the set of interval type 2 fuzzy, then:

. — . 7. i
Faioao = J-Wi € [Eﬁh(xk)'“ﬁk(xk)] 1w @

If there are n inputs, then the iy fuzzy rule is R' =
IF x, is AL, x, is AY, ..., x, is AL, THEN y is B' and if the
fuzzification is singleton, then the fired strength formulation
of each rule is:

F1= By * % B ) )
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P2 = Bt gy * % Py ®)

If the fuzzy rules R = 1,2,3,...,J, then each rule has a fired
strength value that lies between f1, f2,f3,..,f/ and
fLf2 3, ..., f! then the output of each rule extends from
vy yE, o] 10 yEv2, v, ..., y] which is assumed to be
arranged from the smallest to the largest, then y, and y, can
be calculated using KM-algorithm [2] as follows:

1. Calculate the initial value of y, using the following
formula:

=Y LS @)

With f! = (f" +j_fl)/2 , then set y; = y,.
2. FindL(1 <L <] - 1),bycondition y} <y, < yt*!
3. Calculate the value of y, using (4) with £/ = f* for
i<Land f' = fifor i > L,thensety,’ =y,
4. If y;' = y; then calculation is completed so y, = y;'.
5. Ify;" # y;, sety;" equal to y;, then go back to step 2.

The method to calculate y, is using the same steps as
calculating y, only by replacing variable y* with yX in step
2,R(1 <R <J-—1)sothat y® <y < yF*1 instep 3 with

1/0 Mapping 5x 5

output

output

o mohouvon

fi =fifor i<Rand f;} = f* fori > R.
I1. FuzzyY BILINEAR INTERPOLATION ALGORITHM

Although the KM type reducer algorithm is simplifying the
IT2FLS computation, it is still substantial enough for the
computer system, when it is applied to the low-cost
microcontroller. Therefore, the idea appears to utilize the
fuzzy input-output mapping table. This paper discusses two
inputs and one output mapping table. Input 1 and 2 are
discretized as much as n pieces (n is an odd number) so that
two matrices (1 x n) are formed. Input 1 and input 2 has a
range of values between -A and A. To create an input-output
map, each component of inputs matrices is combined to
calculate its IT2FLS output using the KM type reducer
Algorithm. It will form an IT2FLS output matrix with size (n
x n). Due to the limitation of resolution in this discretization
process, it is necessary to interpolate to calculate IT2FLS
output for the instantaneous inputs that are unavailable in the
table, which is done by Fuzzy Bilinear Interpolation-LUT
Algorithm based on the continuous contour surface of the
input-output map. Figure 1 shows the control surface of the
IT2FLS I/O map that has four different spacing, 5x5, 9x9,
15x15 and 19x19 of a data table. This difference spacing data
table can be used in the interpolation process.

1/0 Mapping 9 x 9

output

output

Figure 1: The continuous control surface of the input-output map for different resolution discretization inputs IT2FLS

The interpolation process to obtain the output is shown
using the illustration in Figure 2 and 3. Input 1 and input 2
stored data index are symbolized as x1(k), x1(k+1), x2(k) and
x2(k+1) that being formed in the integer value. Then
O(x1(k),x2(k)), O(x1(k+1),x2(k)), O(x1(k),x2(k+1)) and
O(x1(k+1), x2(k+1)) are the outputs value corresponding to
input 1 and input 2 stored data index. Those data are stored in
the table. At a time, t is obtained data e(t) and de(t), then the
data is matched with the table. The position of e(t) lies
between x1(k) and x1(k+1), position of de(t) lies between
x2(k) and x2(k+1). Then the output value of the predicted

result is 0(e(t), de(t)).

To calculate the IT2FLS output, the four neighboring
output values are interpolated using fuzzy bilinear
interpolation to get the value of h1, h2 and 0(e(t), de(t)).
Each side of the rectangular area has two low membership
functions (eqn and degn) and two high membership functions
(eup and deyp), as shown in Figure 4 and 5.

The fuzzy membership functions for input 1 and input 2 are
identical. Membership function u ey, and u deg, are:
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x1(k +1) —e(t)

Hean =10+ D) — x1(k) ©

_ x2(k +1) —de(t)

dey, = 6
H@an = 0k + 1) — x2(k) ©)
Oxa().x2(k+1))
P Oxa(k+1) x2(k+1))
Ofert ety
°
Ocag e e x2(k+1)
O W de(t)
x2(K)
XL(K) e(t) x1(k+1)

Figure 2: IT2FLS output calculation for the instantaneous inputs e(t) and
de(t) that is unavailable in the table

/ / " ; g e
M UEgn
/ < dew, de(t)
16w ‘h e ad x2(K)
x1(K) e(t) x1(k+1)

Figure 3: Two sides of rectangular interpolated value based on four
neighbouring output values

1 1

H €dn

HEyp

x1(k) e(t) x1(k+1)
Figure 4: Calculating peq, and pe,, of input 1

1 1

e deyp

H dedn <

x2(k) de(t) x2(k+1)
Figure 5: Calculating pdeg, and pdey, of input 2

Membership function u e, and u de,,, are:
ey = (e(®) —x1(k))/(x1(k + 1) — x1(k)) ()
pdey, = (de(t) —x2(k))/(x2(k + 1) —x2(k))  (8)

Table data indices are integer (x1(k+ 1) —x1(k) =
x2(k + 1) — x2(k) = 1), then Equations 5 to 8 become:

Heg =x1(k+1) —e(t) 9)

udeg, =x2(k +1) —de(t) (10)

U ey, = e(t) — x1(k)
pdey, = de(t) — x2(k)

1)
(12)

To process e(t) and de(t), it must be normalized against the
index and the number of discretization of a data table, using
the following equation:

id, = @?)+w+n (13)
()
muz(mw)+w+n (14)

()

With id_e and id_de are normalized input data against the

index and number of discretization of a data table, A is the

maximum value of the input data range. B = ("TH) —1,nis

the number of discretization of a data table, so that the
Equations 9 to 12 become:

Ueg =x1(k+1)—id_e (15)
udey, = x2(k +1) —id_de (16)
Uey, = id_e — x1(k) a7
pdey, = id_de — x2(k) (18)
O x2(k+1))
h;
[ ]
: Opaak+1) x2(k+1))
Opamxaky

i '
°
: Oy xa(k

Figure 6: Calculating h1 and h2 using linear interpolation

h,

N
Opag).xa(d)

Figure 7: Hlustration of O(e(t), de(t)) using linear interpolation

Value of hl, h2 and O(e(t),de(t)) (as described in
Figures 6 and 7) are calculated by using fuzzy bilinear
interpolation formula as follows:
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hl = (((u_edn * 01) + (u_eup * 02)))/ (u_edn+ u_eup)  (19)
h2 = ((tean * 03) + (u_eup * 04))/(u_edn + u_eup)  (20)
0°(e(t),de(t)) = ((u_dedn * h1) + (u_deup (21)

* h2))/ (u_dedn + u_deup)

where: 01 = 0(x1(k), x2(k))
02 = 0(x1(k + 1),x2(k))
03 = 0(x1(k), x2(k + 1))
04 = 0(x1(k + 1),x2(k + 1))

Low index for input 1 (x1(k) = iddn_e) and input 2 (x2(k)
= iddn_de) were obtained by using Equations 22 and 23.

iddn_e = floor(id_e) (22)

iddn_de = floor(id_de) (23)
High index for input 1 (x1(k) = iddn_e) and input 2 (x2(k)
=iddn_de) were obtained by using Equations 24 and 25.

idup_e = ceil(id_e) (24)

idup_de = ceil(id_de) (25)
A. Output Calculation Steps
Output (0(e(t), de(t))) calculation in detail is described
in the following steps:

1) Obtain input 1 (e(t)) and input 2 (de(t)).

2) Set e(t) and de(t), if exceed the minimum and
maximum bound of the input range to the minimum and
maximum values. If e(t) < —A then e(t) = —A4, if

e(t) > A thene(t) = A. If de(t) < —A then de(t) =
—A, ifde(t) > Athene(t) = A.

3) Set the value e(t) as id_e and de(t) as id_de that lies
between two neighboring index, using Equations 13 and
14.

4) Compute low index for input 1, iddn_e = floor(id_e),
and high index for input 1, idup_e = ceil(id_e).

5) Compute low index for input 2, iddn_de =
floor(id_de), and high index for input 2, idup_de =
ceil(id_de).

6) Get 4 neighboring outputs from output table that their
index computed at step 4 and 5.

01 = 0(x1(k),x2 (k)) = output(iddn,, iddny,)

02 = O(xl(k + 1),x2(k)) = output(idup,, iddng.)

03 = O(xl(k),xZ(k + 1)) = output(iddn,, idupge)

04 = 0(x1(k + 1),x2(k + 1)) = output(idup,, idupg,)

7) Compute the membership degree of instantenous e(t)
de(t) on two sides of rectangular using Equations 15 to
18.

8) Compute maximum and minimum value of O1, 02, O3
and OA4.
9) If maximum value equals to the minimum than
0(e(t),de(t)) = maximum or minimum value. If not,

0(e(t),de(t)) is calculated using Equations 19 to 21.

B. [Illustrative Example

Assuming that the table of IO map with two inputs e(t) and
de(t) with each of input lies between -10 to 10 and is
discretized as 9x9; therefore, A = 10, n =9, B = 4 as shown
in Table 1.

Table 1
Two Inputs One Output 10 Map Data Table
e(t) de(t) Original -10 -1.5 -5 -2.5 0 25 5 7.5 10
Index 1 2 3 4 5 6 7 8 9
original index

-10 1 -12 -12 -12 -12 -11.6 -6.06 -0.45 0 0
-7.5 2 -12 -12 -12 -11.9 -11.6 -6.06 -0.45 0 0
-5 3 -12 -12 -11.7 -11.4 -10.4 5.1 0 04 0.4
-2.5 4 -12 -11.9 -11.4 -6.9 5.4 0 5.2 6.1 6.1
0 5 -11.6 -11.6 -10.4 -5.5 0 55 10.4 11.6 11.6
25 6 -6.1 -6.1 -5.2 0 54 6.9 114 11.9 12
5 7 0.4 0.4 0 5.1 10.4 114 11.7 12 12
75 8 0 0 0.45 6.06 11.6 11.9 12 12 12
10 9 0 0 0.45 6.06 11.6 12 12 12 12

At a time, the value of e(t) is 2.3 whereas de(t) is 4.5, then
id_e and id_de are calculated using Equations 13 and 14.

2.3
10
(%)

Low index for e(t)=x1(k)= iddn_e=floor(5.92)=5
High index for e(t) =x1(k+1)=idup_e=ceil(5.92)=6

id, = +5=592

id_de = +5=6.38

4.5
10
4
Low index for de(t)=x2(k)= iddn_de=floor(6.8)=6

High index for de(t)=x2(k+1)= idup_de=ceil(6.8)=7

Based on Table 1 (shaded space), the value of O1 = 5.4 is
derived from the data table with index (5,6), O2 = 6.9 is
derived from the table data with index (6,6), O3 = 10.4 is
derived from the data table with index (5,7) while 04 = 11.4
is derived from the data table with the index (6,7).

Membership degree calculation can be obtained by using
Equations 15 to 18, as explained below:

Ueg, =6—592=0.08
udez, =7—68=0.2
Uey, =592 —-5=1092
pde,, =68—6=0.8
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hl, h2 and O(e(t),de(t)) can be calculated by using
Equations 19 to 21.

h1 = ((0.08 x5.4) + (0.92 x 6.9))/ (0.08 + 0.92) = 6.78

h2 = ((0.08 x 10.4) + (0.92 » 11.4))/ (0.08 + 0.92) = 11.32

0"(e(t), de(t)) = ((0.2 * 6.78) + (0.8  11.32))/ (0.2 + 0.8)
=10.41

If bilinear interpolation process is described, then the
output of interpolation results can be seen in Figure 8.

- h
03=104 o ¢ 04114
o1=54 | 05703 x2(k+1)=7
I T d_de=6.8
o5 x2(K)=6
x1{k)=5 x1(k¥1)=6

Figure 8: Output of fuzzy bilinear interpolation for e(t) =2.3 and de(t)=4.5
V. SIMULATION RESULT AND DISCUSSION

In this simulation, the Mod-LUT ITFLS was applied as a
controller to control the x, position of the two mass-spring
systems (ACC Benchmark Problems), as shown in Figure 9.
This simulation has been run using GNU Octave 4.2.1, with
the used membership function, as shown in Figure 4 and
controller structure [27], as shown in Figure 10.

Xy %
> >
k
u—>» m, —VVA— m,
W—>
@) ) @) ¢

Figure 9: Controlling x2 position for the two mass-spring systems

Controller
GE
—»D—» Fuzzy Bilinear |~ GU:
e Xp N GCE | Interpolation
- »(2)—»[ > LUT-IT2FLC
) + out
1z
#
GL
Fuzzy Bilinear GU,
. GCL | Interpolation
*(D—{ > LUT_IT2FLC
L_spring -
9 L

Figure 10: Controller structure that was used to regulate the position of x2

MF of Input 1

ENB ENS EZ EPS EPB

MF of Input 2

dENB dENS dEZ dEPS dEPB

membership degree
£ € e ¢

o
membership degree

e =2 2 0
S

o
o e

-10 -3 5 10 -10 -5

o
elt)

MF of output

ONE ONS 0z oPs oPE
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Figure 11: Input and output membership function that was used in the
simulation

The state-space equation of the two-mass spring system is:

. 0 0 10
1 | ]
o 0 0 o0 1| 2
wl == me im0 of|xs
X4 k/mz _k/mz 0 0fLtxa (26)
0 0
0 0
+11 u+ 0 w
/m, »
0 m;
y=x,+v (27)

A. Surface Control

The control surface of real IT2FLS and Fuzzy Bilinear
Interpolated-LUT IT2FLS using data table 5x5, 15x15 and
25x25 are shown in Figure 12. Based on the image, it can be
seen that when the input is discretized to many more pieces,
the surface control becomes smoother.

B. Simulation Result

The parameters for the plant are k=0.2 N/m, m;=1kg,
m,=2kg; with gain of observer L;=0.3783, L,=1.1493,
L5=0.0933 and L4 = 0.6605. While the parameters for the
mod-LUT IT2FLS controller are GE=0.5, GCE=100, L=0.9,
GCL=10, GU1=0.42 and GU,=0.56.

This simulation was run using a PC with an Intel (R) Core
(TM) i3-2330M processor with 4 GB of RAM size. During
the simulation, two noise sources of w and v were added to
the two mass-spring systems in the form of normal random
with 0 and 1 seeds.

The simulation results were compared with the simulation
using IT2FLS to demonstrate the effectiveness of the Mod-
LUT algorithm. The simulation results are shown in Table 2.
Number 1 is the result of IT2FLS simulation, while number 2
to 8 is the result of simulation using fuzzy bilinear
interpolation-LUT with the variation of data 1/0 mapping
table 5x5 to 35x35. IT2FLS takes much longer time, which is
about 14 times longer than Mod-LUT IT2FLS. With data I/O
mapping table 35x35, the performance of fuzzy bilinear
interpolation-LUT IT2FLS is even better than IT2FLS. This
can be seen from the smaller amount of IAE and X of force.

This performance can also be seen in the graph of the
control system responses that are shown in Figures 13 and 14.
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Figure 13 is a graph of x2 position control system response
from a two mass-spring system by adding two noise sources
w and v. In the simulation, the reference for x2 is 10 meters
with noise (using the randn function) magnitude 1. It is seen
in figure 13 that the position of x2 is coincidental, although it
used three types of controller, IT2FLS, fuzzy bilinear

/0 Mapping real data

s

ST ~

e
e tlige

““‘“‘

, output

, Output

interpolated-LUT IT2FLS 5x5 and 15x15. Thus it can be
concluded that between the bilinear interpolated-LUT

IT2FLS controller has the same performance as IT2FLS
controller.

Fuzzy Bilinear /O Mapping 5x5

, output

CAITSS

[T ‘
SISO
s

“‘ “‘ N

, output

Figure 12: The control surface of real IT2FLS and Fuzzy Bilinear Interpolated-LUT IT2FLS using data table (5x5, 15x15 and 25x25)

x2 Position Control

15

X2 (meter)

100

150 200 250

t (second)

Figure 13: System response for positioning x2 at 10 m
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x2 Position Control

10.8 -

10.6

x2 (meter)

104 [

102

46 48 50

52

60

t (second)

Figure 14: Magnification of figure 8 at the point of 52 seconds. The blue line is ITFLS while the black line is fuzzy bilinear interpolation-LUT IT2FLS for

15x15 discretization

Table 2
Comparison of IT2FLS and Fuzzy Bilinear Interpolation-LUT IT2FLS

No discretization Elapsed Time IAE ¥ of force
1 none 40.8 sec 260.1 453.8

2 5x5 2.83 sec 365.7 413.11
3 9x9 2.83 sec 260.9 433.6

4 15x15 2.85 sec 261.9 441.6

5 19x19 2.95 sec 261 444.8

6 25x25 2.82 sec 260.3 447.8

7 29x29 2.84 sec 260.5 448.7

8 35x35 2.84 sec 260.1 450.8

Figure 14 is an enlarged image of Figure 13 at 52nd
seconds. This magnification was done to show the
performance difference of each controller. It appears that the
fluctuation value between the black lines (the response of the
control system using fuzzy bilinear interpolation-LUT) is
slightly smaller than the blue line (response of the ITFLS
control system). This emphasizes the evidence that is

presented in Table 2, that is the total force being delivered by
the fuzzy bilinear interpolation-LUT controller is smaller
than ITFLC. Control system responses using IT2FLS (blue
line) and fuzzy bilinear interpolation-LUT IT2FLS (black
line) appear to coincide, indicating that their performance is
equal (just differ slightly).

C. Implementation on a Low-cost Microcontroller

Table 3 shows information about implementation the
IT2FLS and fuzzy bilinear interpolation-LUT IT2FLS on a
low-cost microcontroller, PIC16F877A. The IT2FLS was
unable to implement on PIC16F877A because more space of
RAM were needed; hence, an error message “Not Enough
Space of RAM” appeared when the program is compiled. On
the other hand, fuzzy bilinear interpolation-LUT IT2FLS can
be implemented, in which it has the same fixed computation
time.

Table 3
Comparison of Realized IT2FLS and Fuzzy Bilinear Interpolation-LUT IT2FLS

FLC Controller Design Hex File Size

Used Space of RAM Computation Time

Three triangles MFs
IT2FLS+LCD not enough space of RAM
fuzzy bilinear interpolation-
LUT IT2FLS 9x9 data
table+LCD

3019 words (37% of capacity)

fuzzy bilinear interpolation-
LUT IT2FLS 15 x15 data
table+LCD

3381 words (41% of capacity )

Cannot be compiled because of

Greater than its RAM capacity -

97 byte (28% of capacity) 45 ms

97 byte(28% of capacity) 45 ms
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V. CONCLUSION

Based on the simulation results, it has been proven that the
Mod-LUT IT2FLS algorithm can speed up IT2FLS
computing process that is about 14 times faster. By increasing
the number of input discretization, the performance of the
fuzzy bilinear-LUT IT2FLS will be the same with IT2FLS.
When they were implemented on the low-cost
microcontroller (PIC16F877A), The IT2FLS could not be
implemented because of its RAM space is too small, while
the fuzzy bilinear-LUT IT2FLS could be implemented with
same space of RAM, although the data table size was
increased from 9x9 to 15x15. Further, the computation time
is the same too. Both of these need 45ms (using 20MHz
crystal) for computation time. This fact will make it easier to
apply to low-cost microcontroller.
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