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Abstract— This paper presents a variable speed control of 

two-mass wind turbine with unknown stiffness. The aim of the 

algorithm is to control rotor speed in order to maintain 

optimum tip-speed ratio and obtain maximum power output of 

the turbine with the appearance of unknown stiffness. The 

algorithm is formulated using full-state feedback which 

stabilizes in the sense of Lyapunov. Adaptation law is 

embedded into the variable speed algorithm to assure 

adaptability towards unknown stiffness. To validate the 

effectiveness of proposed speed control, a simulation in 

MATLAB/SIMULINK® is carried out. The results show that 

optimum tip speed ratio is obtained via the proposed controlled 

rotor speed regardless. 

 

Index Terms— Lyapunov; Rotor Speed; Stiffness; Variable 

Speed. 

 

I. INTRODUCTION 

 

Wind turbine converts kinetic energy from the wind into 

electrical energy. Wind turbine has two configurations; 

horizontal axis wind turbine (HAWT) and vertical axis wind 

turbine (VAWT). In HAWT, main rotor shaft, gearbox, and 

generator are located on top of a tower. The orientation of 

main rotor shaft is parallel to the wind direction. In VAWT, 

the main rotor shaft is perpendicular to the wind direction 

and located on top of the tower, while generator and gearbox 

are located near the ground [1,2].Wind energy conversion 

system (WECS) consists of a mechanical power control 

(MPC) side and electrical power control (EPC) side. WECS 

are dependent on wind flow dynamics which are highly 

nonlinear, non-deterministic and have chaotic behavior. 

Plus, the most striking characteristic of wind flow that 

bother control engineers is its variability [3]. EPC side of the 

system demanded maximum mechanical power from the 

MPC side despite wind intermittent and seasonal 

interference. As such, the need to develop a variable speed 

algorithm for a modern WECS is crucial. In modern WECS, 

research in variable speed wind turbine is getting blossom.  

In a constant speed wind turbine, the rotor speed remain 

constant for all wind speed profile. Due to wind intermittent, 

the inherent problems of the constant speed wind turbine 

becomes more pronounced. Alternatively, variable speed 

wind turbine allows the rotor and wind speed to be matched 

in order to maintain its optimum tip-speed-ratio (TSR) for 

maximum efficiency. For a fixed pitch variable speed wind 

turbine, preserving the optimum TSR guarantees the 

maximum output power of the turbine [4,5]. As such, the 

need for asymptotic tracking for the rotor speed is a must, so 

that the optimum tip-speed ratio (TSR) can be achieved. It is 

crucial to develop control algorithm for a variable speed 

wind turbine with unknown parameter in the system 

dynamics. The mechanical dynamics involve two-mass 

rotational system which consists of a rotor-generator inertia, 

rotor-generator external damping, and rotor-generator 

stiffness. 

To date, researchers came out with variable speed wind 

turbine control structure using linear parameter varying with 

anti-windup turbine [6], sliding mode control [7], nonlinear 

static and dynamic state feedback controller [8], full state-

feedback [9,10, 20] and many more. Researcher in [7] used 

the similar wind turbine drive train dynamics as in early 

publications in [9]and [10]. Researcher in [9]addresses the 

advantages of variable speed wind turbines such as the 

possibility to control the turbine rotor speed, hence allowing 

the system to operate constantly near to its optimum tip-

speed ratio. As such, increasing energy capture and 

maximizing energy generation. Variable speed wind 

turbines also reduce drive train loads. Most of the 

approaches in previous research [6–10] focused on nacelle 

(or MPC) with some assumptions to assist the design phase. 

Moreover in [7] and[8] the lumped rotor stiffness and the 

generator stiffness has been neglected as the presence of the 

stiffness will introduce an integral-term to the system 

dynamic that is difficult to handle by control engineers. 

Thus, the propose method in this paper is considering the 

stiffness as unknown parameter. 

In this paper, the variable speed algorithm is formulated 

using full-state feedback. The speed of the turbine is 

bijective mapped into error dynamic in order to solve the 

tracking control as a regulation case. The stability is 

guaranteed in a sense of Lyapunov. The adaptability of the 

algorithm towards unknown stiffness is achieved via 

adaptation law that embedded into variable speed algorithm. 

Therein, the estimated stiffness is augmented in the 

Lyapunov function. The lie derivative of the function is 

made negative semi-definite via the non-negative control 

parameters. The algorithm is formulated to control the rotor 

speed in order to maintain optimum TSR, and hence 

obtaining maximum power output of the turbine. The results 

show that optimum tip speed ratio is obtained via the 

proposed controlled rotor speed regardless. 

This paper is organized as follows. Section 2 describes the 

wind turbine dynamic, Section 3 explains the design of 

variable speed control, Section 4 discusses the results 
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obtained, and Section 5 concludes the finding. 

 

II. WIND TURBINE DYNAMIC 

 

The dynamic model of two-mass horizontal axis wind 

turbine is referring to its mechanical power control side only 

that consists of rotor model and aero-turbine model. The 

turbine rotor consists of blades, hubs, and pitch. The aero-

turbine consists of brake, gearbox, rotor dynamics (low 

speed shaft and high speed shaft), and mechanical dynamics 

of the generator [3,4,11–14]. Figure 1 shows the two-mass 

wind turbine structure and Table 1 tabulates the definition of 

symbols consist in Figure 1 [11].  

 
Figure 1: Two-mass wind turbine structure 

 
Table 1 

Nomenclature 

 

Symbols Definition 

𝑅 Rotor blade radius (𝑚) 

𝑣 Wind speed (𝑚. 𝑠−1) 

𝜌 Air density (𝐾𝑔. 𝑚−3) 

𝐶𝑝(𝜆, 𝛽) Power coefficient 

𝜆 Tip speed ratio 

𝛽 Pitch angle (𝑑𝑒𝑔) 

𝛾 Gearing ratio 

𝜔𝑟 Rotor speed (𝑟𝑎𝑑. 𝑠−1) 

𝜔𝑔 Generator speed (𝑟𝑎𝑑. 𝑠−1) 

𝐽𝑟 Rotor inertia (𝐾𝑔. 𝑚2) 

𝐽𝑔 Generator inertia (𝐾𝑔. 𝑚2) 

𝐾𝑟 Rotor external damping (𝑁. 𝑚. 𝑟𝑎𝑑−1. 𝑠−1) 

𝐾𝑔 Generator external damping (𝑁. 𝑚. 𝑟𝑎𝑑−1. 𝑠−1) 

𝐵𝑟 Rotor stiffness (𝑁. 𝑚. 𝑟𝑎𝑑−1) 

𝐵𝑔 Generator stiffness (𝑁. 𝑚. 𝑟𝑎𝑑−1) 

𝑇𝑚 Aerodynamic torque (𝑁. 𝑚) 

𝑇𝑔 Generator torque (𝑁. 𝑚) 

𝑇ℎ𝑠 High-speed shaft torque (𝑁. 𝑚) 

𝑇𝑙𝑠 Low-speed shaft torque (𝑁. 𝑚) 

𝜃𝑔 Generator-side angular deviation (𝑅𝑎𝑑) 

𝜃𝑟 Rotor-side angular deviation (𝑅𝑎𝑑) 

 

The aero-dynamic power produced by the turbine is depends 

on instantaneous wind power,𝑃𝑤𝑖𝑛𝑑 and the power 

coefficient of the unique wind turbine 𝐶𝑝(𝜆, 𝛽), 

  

𝑃𝑚 = 𝑃𝑤𝑖𝑛𝑑𝐶𝑝(𝜆, 𝛽) (1) 

  

where 

  

𝑃𝑤𝑖𝑛𝑑 =  
1

2
𝜌𝜋𝑅2𝑣3 

(2) 

  

and 

  

𝜆 =  
𝑅𝜔𝑟

𝑣
 

(3) 

  

is the tip-speed ratio. 

In some research papers [8,15–17,20,21], the power 

coefficient is obtained via look-up-table which is provided 

by each turbine manufacturer. However, previous studies 

from [4,18,19] presented the empirical power coefficient 

model that is expressed as 

  

𝐶𝑝(𝜆, 𝛽) = 0.5(116
1

𝜙
− 0.4𝜙𝛽 − 5)𝑒

−21
1
𝜙 

(4) 

  

where the function 𝜙 is given as 

  
1

𝜙
=

1

𝜆 + 0.08𝛽
−

0.035

1 + 𝛽3
 

(5) 

  

In this research, the pitch angle 𝛽 is regulated at 0° in order 

to facilitate fixed-pitch system. Hence the power coefficient 

can be expressed as 

  

𝐶𝑝(𝜆, 0°) = 0.5(
116

𝜆 + 0.0001

− 9.06)𝑒−
21

𝜆+0.0001
+0.735

 

(6) 

  

As a result, the maximum power coefficient is obtained as 

𝐶𝑝𝑚𝑎𝑥 = 0.4109631031 when the optimum tip-speed ratio 

is 𝜆𝑜𝑝𝑡 = 7.953925991 as shown in Figure 2. 

 

 
Figure 2: Typical power coefficient characteristic for fixed pitch wind 

turbine 

 
Aero-turbine model has two inertias corresponding to 

turbine and generator. According to Figure 1, the torque 

produced by low speed shaft can be devised as 

  

𝑇𝑚 − 𝑇𝑙𝑠 = 𝐽𝑟𝜔̇𝑟 + 𝐾𝑟𝜔𝑟 + 𝐵𝑟𝜃𝑟 (7) 

  

The transmission output torque at the high speed shaft is 

devised as 

  

𝑇ℎ𝑠 − 𝑇𝑔 = 𝐽𝑔𝜔̇𝑔 + 𝐾𝑔𝜔𝑔 + 𝐵𝑔𝜃𝑔 (8) 
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The gear ratio can be expressed as 

  

𝛾 =
𝜔𝑔

𝜔𝑟

=
𝑇𝑙𝑠

𝑇ℎ𝑠

 
(9) 

  

that yields 

  

𝜔𝑔 = 𝛾𝜔𝑟  (10) 

  

From (9) and (10), equation (8) can be expressed as 

  

𝑇𝑙𝑠 = 𝛾𝑇𝑔 + 𝐽𝑔𝛾2𝜔̇𝑟 + 𝐾𝑔𝛾2𝜔𝑟 + 𝛾𝐵𝑔𝜃𝑔 (11) 

  

The generator side angular deviation, 𝜃𝑔 can be expressed 

as𝜃𝑔 = 𝛾∫ 𝜔𝑟𝑑(𝑡), then substitute into equation (11) to 

yield 

  

𝑇𝑙𝑠 = 𝛾𝑇𝑔 + 𝐽𝑔𝛾2𝜔̇𝑟 + 𝐾𝑔𝛾2𝜔𝑟 + 𝛾2𝐵𝑔∫ 𝜔𝑟𝑑(𝑡) (12) 

  

Finally, the dynamic of wind turbine can be expressed as 

  

𝑇𝑚 − 𝛾𝑇𝑔 = (𝐽𝑔𝛾2 + 𝐽𝑟)𝜔̇𝑟 + (𝐾𝑔𝛾2 + 𝐾𝑟)𝜔𝑟

+ (𝛾2𝐵𝑔 + 𝐵𝑟)∫ 𝜔𝑟𝑑(𝑡) 

(13) 

  

Defining 

 lumped inertia, 𝐽 = 𝛾2𝐽𝑔 + 𝐽𝑟 

lumped external damping, 𝐾 = 𝛾2𝐾𝑔 + 𝐾𝑟  

lumped external stiffness, 𝐵 = 𝛾2𝐵𝑔 + 𝐵𝑟  

Then, the dynamic model is expressed as 

  

𝜔̇𝑟 =
1

𝐽
(𝑇𝑚 − 𝛾𝑇𝑔 − 𝐾𝜔𝑟 − 𝐵∫ 𝜔𝑟𝑑(𝑡)) 

(14) 

  
 

III. VARIABLE SPEED CONTROL 

 

Variable speed control is formulated using state-feedback 

control, Lyapunov redesign and adaptive control. Equation 

(14) can be written as  

  

𝜔̇𝑟 = −
𝐾

𝐽
𝜔𝑟 −

𝐵

𝐽
∫ 𝜔𝑟𝑑(𝑡) +

𝜌𝜋𝑅5𝐶𝑝𝜔𝑟
2

2𝜆3𝐽
−

𝛾

𝐽
𝑇𝑔 

 

𝜔̇𝑟 = 𝐴𝜔𝑟 −
1

𝐽
𝐵𝜃𝑟 + 𝐶𝜔𝑟

2 + 𝐷𝑇𝑔 
(15) 

  

where  𝐴 = −
𝐾

𝐽
, 

  𝐶 =
𝜌𝜋𝑅5𝐶𝑝

2𝜆3𝐽
,  

𝐷 = −
𝛾

𝐽
 

and 𝐵 is the unknown lumped stiffness 

 

For a maximum power capture of the wind turbine in 

equation (18), the rotor speed 𝜔𝑟 should be regulated at 

  

𝜔𝑟
∗ = (

𝜆𝑜𝑝𝑡

𝑅
) 𝑣 

(16) 

  

Therefore, the rotor tracking error is devised as 𝑧 = 𝜔𝑟 −
𝜔𝑟

∗. Then, the error dynamics become 

    

𝑧̇ = 𝜔̇𝑟 − 𝜔̇𝑟
∗ (17) 

𝑧̇ = 𝐴𝑧 −
1

𝐽
𝐵 ∫ 𝑧 𝑑(𝑡) + 𝐶𝑧2 + 2𝐶𝑧𝜔𝑟

∗ +

𝐷𝑇𝑔 + 𝐴𝜔𝑟
∗ −

1

𝐽
𝐵 ∫ 𝜔𝑟

∗ 𝑑(𝑡) + 𝐶𝜔𝑟
∗2 −

𝜔̇𝑟
∗  

(18) 

    

Let consider (𝐴 + 𝐶𝜔𝑟
∗)𝜔𝑟

∗ −
𝐵

𝐽
∫ 𝜔𝑟

∗ 𝑑(𝑡) − 𝜉(𝜔𝑟
∗, 𝜔̇𝑟

∗, 𝐵) =

𝜔̇𝑟
∗ be the uncertainty subjected by wind toward rotor speed. 

Thus, the error dynamic can be expressed as 

  

𝑧̇ = 𝐴𝑧 −
1

𝐽
𝐵 ∫ 𝑧 𝑑(𝑡) + 𝐶𝑧2 + 2𝐶𝑧𝜔𝑟

∗ + 𝐷𝑇𝑔

+ 𝜉(𝜔𝑟
∗, 𝜔̇𝑟

∗, 𝐵) 

(19) 

  

In designing the control algorithm, let consider the error 

dynamic without the uncertainty as 

  

𝑧̇ = 𝐴𝑧 −
1

𝐽
𝐵 ∫ 𝑧 𝑑(𝑡) + 𝐶𝑧2 + 2𝐶𝑧𝜔𝑟

∗ + 𝐷𝑇𝑔 
(20) 

  

Since 𝐵 is unknown stiffness, thus adaptation law is 

formulated. Let 

  

𝐵̃ = 𝐵 − 𝐵̂ (21) 

  

where 𝐵̂ is the estimate of 𝐵 with Lyapunov function 

  

𝑉(𝑧, 𝐵̃) =
1

2
𝑧2 +

1

2
𝐵̃ 

𝑇
Γ−1𝐵̃, Γ−1 > 0   

(22) 

  

The adaptation law is devised as 

  

𝐵̇̂ = −
Γ−1

𝐽
𝑧 ∫ 𝑧 𝑑(𝑡) 

(23) 

  

with Lyapunov function in (22), there exists control 

parameter 𝐾 > 0 that yield control law 

  

𝑇𝑔𝑛𝑜𝑚
=

1

𝐷
(−𝐾𝑧 − 𝐴𝑧 +

1

𝐽
𝐵̂ ∫ 𝑧 𝑑(𝑡) − 𝐶𝑧2

− 2𝐶𝜔𝑟
∗𝑧) 

(24) 

  

To ensure robustness towards uncertainties, consider error 

dynamic in (19) with Lyapunov function in (22), the robust 

controller 𝑇𝑔𝑟
 can be devised as 

  

𝑇𝑔𝑟
= −𝜉𝑔(𝜔𝑟

∗, 𝜔̇𝑟
∗, 𝐵)

𝐷𝑧𝜉𝑔(𝜔𝑟
∗, 𝜔̇𝑟

∗, 𝐵)

𝐷𝑧𝜉𝑔(𝜔𝑟
∗, 𝜔̇𝑟

∗, 𝐵) + 𝜀𝑒−𝑎𝑡
 

(25) 

  

As such, the overall variable speed algorithm can be 

expressed as 

    

𝑇𝑔 = 𝑇𝑔𝑛𝑜𝑚
+ 𝑇𝑔𝑟

  

 = 1

𝐷
(−𝐾𝑧 − 𝐴𝑧 +

1

𝐽
𝐵̂ ∫ 𝑧 𝑑(𝑡) − 𝐶𝑧2

− 2𝐶𝜔𝑟
∗𝑧)

− 𝜉𝑔(𝜔𝑟
∗, 𝜔̇𝑟

∗, 𝐵)
𝐷𝑧𝜉𝑔(𝜔𝑟

∗, 𝜔̇𝑟
∗, 𝐵)

𝐷𝑧𝜉𝑔(𝜔𝑟
∗, 𝜔̇𝑟

∗, 𝐵) + 𝜀𝑒−𝑎𝑡
 

(26) 
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The asymptotic stability reflect the asymptotic tracking of 

the rotor speed with the proof of Lyapunov function in (22) 

as 

   

𝑉̇ = −𝐾𝑧2

+
𝐷𝑧𝜉𝑔(𝜔𝑟

∗, 𝜔̇𝑟
∗, 𝐵)𝜀𝑒−𝑎𝑡

𝐷𝑧𝜉𝑔(𝜔𝑟
∗, 𝜔̇𝑟

∗, 𝐵) + 𝜀𝑒−𝑎𝑡
 

≤ −𝐾𝑧2 + 𝜀𝑒−𝑎𝑡 

(27) 

   

  

IV. RESULT AND DISCUSSION 

 

The proposed control method has been implemented in 

MATLAB with SIMULINK® toolbox. A wind turbine with 

21.65 meter blade radius is simulated along with a gearbox 

with 43.165 gearing ratio. To observe the adaptability of the 

adaptation law and the variable speed algorithm, the 

unknown stiffness is varied within 0 ≤ 𝐵 ≤
100000 𝑁. 𝑚. 𝑟𝑎𝑑−1. The maximum power coefficient is 

0.4109631031 when the pitch angle 𝛽 = 0° which indicated 

that only 41.09% of the wind is captured by the turbine to be 

converted to electrical energy. The average wind speed, 𝑣̅ is 

around 18.15 m/s. 

The simulation results are shown in Figure 3, Figure 4 and 

Figure 5 respectively. Asymptotic tracking of the demanded 

rotor speed 𝜔𝑟 guarantees the optimum tip speed ratio 𝜆𝑜𝑝𝑡 

of the closed-loop wind turbine system as 𝜔𝑟 is bounded 

within asymptotic tracking region. Figure 3 shows the 

demanded rotor speed and the actual rotor speed of the 

turbine with different stiffness value. The higher stiffness 

value, the bigger transient response recorded. However, the 

controller took less than 30 second to precisely 

asymptotically track the demanded rotor speed for any 

stiffness value which validates that optimum tip-speed ratio 

is maintained even though with appearance of stiffness. The 

asymptotic tracking behavior also proves by integral of error 

recorded in Figure 4 as the integral of error gives a small 

magnitude value. The performance of adaptation law is 

shown in Figure 5.Adaptation response for system with any 

values of stiffness recorded very small magnitude 

(−3.302𝑒−10 to 9.726𝑒−11) and settled in less than 10 

seconds. Thus, it is verified that the adaptation law is 

adaptable to the variable speed algorithm with appearance of 

stiffness. 

 

 
Figure 3: Demanded rotor speed versus and actual rotor speed 

 
Figure 4: Integral of error 

 
Figure 5: Adaptation Law 

 

 

V. CONCLUSION 

 

This paper has presented the design of variable speed 

control of two-mass wind turbine with unknown stiffness. 

The results show that optimum tip speed ratio is obtained 

via the proposed controlled rotor speed. The rotor speed is 

stable in the sense of Lyapunov and the unknown stiffness is 

adapted to the algorithm with the aid of adaptation law. 

Thus, as power output depends on tip speed ratio, the 

optimum tip speed ratio obtained leads to maximum power 

output of the turbine. In future, the proposed design 

technique can be applied to higher mass wind turbine drive-

train. As higher mass wind turbine drive-train increases the 

system order, the mathematical model can be represented in 

strict-feedback system and might requires nonlinear control 

technique such as backstepping. Moreover, if the speed is 

unmeasurable, the observer can be designed beforehand.   
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