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Abstract— The position estimation (PE) accuracy of the
lateration algorithm of a multilateration system depends on
several factors. These factors include the number of ground
receiving station (GRS)s deployed, the approach to the
lateration algorithm, the geometry of the deployed GRSs, the
number of GRS used as reference for the lateration algorithm
and the choice of GRS used as reference to generate the time
difference of arrival (TDOA) measurements for the lateration
algorithm. A closed-form reference pair lateration algorithm
based on a total of five GRSs is developed and a technique for
selecting the suitable GRS reference pair to generate the TDOA
measurements to be used with lateration algorithm is suggested.
The technique is based on condition number computation and
selecting the GRS pair with the least condition number as a
reference for the closed-form lateration algorithm. The
suggested technique is validated using 5-square and pentagon
GRS configurations at some selected aircraft positions. The
validation results show that the suggested technique can be used
to determine the suitable GRS reference pair to generate the
TDOA measurements for a passive multilateration system.

Index Terms—Closed-form; Condition Number; lateration
algorithm; Multilateration system; Reference selection.

I. INTRODUCTION

Multilateration system estimates the position of an aircraft
from the transponder emission detected at the antenna of the
deployed ground receiving station (GRS)s. It estimates the
position of the aircraft using a two-stage process [1]. The time
difference of arrival (TDOA) measurements of the aircraft
transponder emission detected at spatially placed GRSs are
estimated at the first stage [2]. These TDOA measurements
are used in the second stage with a lateration algorithm to
determine the position of the aircraft. The 3-dimensional (3-
D) position estimation (PE) of an aircraft requires a minimum
of four GRSs [2]. The system has an advantage over
multiangulation system that utilizes angle of arrival (AOA)
measurements with an angulation algorithm which cannot
perform 3-D PE of aircraft [3].

The TDOA measurements estimated using GRS pairs and
the aircraft position have a non-linear relationship. To
linearized this relationship, several approaches have been
used which resulted in the two forms of lateration algorithms,
namely: closed-form and open-form [4]. The open form
lateration algorithm utilizes linearization algorithms such as
Taylor series to obtain the linear relationship between the
input variable (TDOA measurements) and output variable
(aircraft position) [5-7]. This is followed by an iteration of a

randomly inputted initial aircraft position while minimizing a
maximum likelihood (ML) cost function. The open-form
lateration algorithm is computationally complex due to the
linearization and iteration processes and also suffers
convergence issue [6]. In the closed-form lateration
algorithm approach, an algebraic manipulation of the input
and output variables is performed to obtain the linear
relationship [8-14]. Unlike the open-form lateration
algorithm, it always converges to a solution because there is
no iteration process involved, thus, for this reason, the closed-
form lateration algorithm is adopted in this work.

Compared to the open-form lateration algorithm, the
closed-form lateration algorithm is sensitive to error in the
input variable (TDOA estimation error) resulting to high
aircraft PE error [13]. Thus, several researchers have
proposed techniques to improve the PE accuracy of the
lateration algorithm [9,11-15]. It was found that the PE
accuracy of the lateration algorithm depends on several
factors some of which are the TDOA estimation technique,
the number and the geometry of the GRS deployed, the choice
and number of GRSs used as reference to generate the TDOA
measurements to be inputted into the lateration algorithm. To
achieve a PE accuracy comparable to the surveillance radar,
it is suggested that at least five GRSs be deployed for the
multilateration system [2]. A TDOA residual-based method
for selecting the suitable GRS to generate the TDOA
measurements for use with the lateration algorithm was
suggested in [12]. It assumes that an approximate position of
the aircraft is known but there is a need to track the position
using the multilateration system. The TDOA measurement
sets obtained with each of the deployed GRS as reference are
used in solving a derived TDOA based residual equation. The
GRS with the least TDOA measurement residual is chosen as
reference for subsequent tracking of the aircraft. Another
approach to improve the PE accuracy of the lateration
algorithm is using multiple GRSs as reference to generate the
TDOA measurement set [9,11]. Using either single or
multiple GRSs as reference to generate the TDOA
measurement set, there is need to select the suitable reference
GRS for the estimation. This is because the choice of the
reference GRS to generate the TDOA measurement set for
the lateration algorithm depends on the location of the aircraft
relative to the geometry of the GRS configuration [12, 14]. In
this work, with a total of five deployed GRSs and using a pair
of GRS as reference for the TDOA measurement set
generation, a technique based on condition number
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calculation for selecting the suitable GRS reference pair for
the lateration algorithm is proposed. The technique involves
selecting the GRS pair whose TDOA measurement set
resulted in the least condition number of a derived matrix as
the reference. The suggested technique is validated using 5-
square and pentagon GRS configurations.

The remainder of the paper is organized as follows: Section
Il describes the two-reference PE closed-form lateration
algorithm and the condition number analysis, while in Section
I1l, the path difference (PD) measurement (TDOA
measurement distance equivalent) based GRS reference pair
selection technique is presented. The simulation result and
discussion are presented in Section IV, which is followed by
conclusion in Section V.

Il. METHODOLOGY

This section of the paper gives a detail derivation of the
two-reference PE closed-form lateration algorithm which is
followed by the effect of the PD estimation (PDE) error
(TDOA estimation error distance equivalent) on the PE
accuracy of the lateration algorithm.

A. Two-reference PE Closed-form Lateration Algorithm

Let an aircraft located at x, = (x,y,z) transmit a signal
that is detected by the i-th GRS with coordinate S; =
(x;,¥i,2;). The propagation time of the signal from the
aircraft to the i-th GRS is denoted as t;. The distance travelled
by the signal from aircraft to the i-th GRS is calculated as:

d, =cxr,
=\/(x—xi)2+(y—yi)2+(z—zi)2

where: ¢ = 3 x 108 m/s

1)

To differentiate between reference and non-reference
GRSs, let the GRSs labeled i-th and j-th with coordinate S; =
(x;,v;, z;) be chosen as the reference GRS pair for the TDOA
estimation and the GRS labelled m-th with coordinate S,, =
(%m> Ym» Zm) be the non-reference GRS. Two PD
measurement equations are obtained and expressed as follow:

dim :di _dm (23.)

dj, =d; —d, (2b)

Further simplification of Eq. (2a) and Eq. (2b) will result
in Eqg. (3a) and Eq. (3b) respectively.

L =—d, (33)
d Y +(d )
%4_( m)z(;_( J) :_dm (3b)

The detailed derivations from Eq. (2) to Eq. (3) can be
found in [16]. Equate Eq. (3a) and Eq. (3b) to eliminate —d,,
as shown in Eq. (4):

Gy, (dn) ()" =%+M )
2

Eq. (4) is further simplified and expressed as a function of
the aircraft position and GRS coordinates as indicated in Eq.

(5).

- Z d.—d
+Z(Zﬂ_ Jszu-i_ (5)

d, d, 2
ij Kmi
+
2d,, " 2d,,
where:
Xim =X =X,
Xim =X, =X,
Yim =Yi = Yn
ij = yj - ym
Zim =z -1,
Z,=2,-12,

Kni :<Xr2n+yr2n+zlf‘|)_(xi2+yi2+zi2)

2 2 2 2 2 2
Ko =(xm+ym+zm)—(xj +Y} +zj)

Eg. (5) is the 3-D hyperbolic equation obtained using the
GRSs labelled i-th and j-th as the reference pair and the m-th
GRS as non-reference. Let a total of N =5 GRSs be
deployed. With a GRS pair as reference for the TDOA
estimation, the total number of non-reference GRSs are three
resulting in three hyperbolic plane equations in the form of
Eq. (5). Let the two remaining non-reference GRSs be
labelled n-th and p-th with coordinates S,, = (x,,, ¥, 2,) and
S, = (xp,¥p,2,) respectively, then, their resulting
hyperbolic equations with i-th and j-th as GRS reference pair
are:

- Z. d. —d
+z[ﬁ—i]: L= (6)
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dip dip dip ip
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d, d, 2
Kpi + Kpi
2d; 2d,

Eg. (5), Eq. (6) and Eq. (7) presented in a matrix form is as
follows:

A;x, =b; (8)

where:

X, =[x y,2]'

[d_-d K. K

jim — Yim mj mi

2 dej 2d,,
d jn — din Kn' K i
b, =| — + 2 4
2 2dnj 2d,;

d -d K, K

i i
P P+ Pl+ p

2 2d, 2d

pi |
| Xim_xim Ylim_Yl Zim_zjm |

dim djm dim djm dim djm

A = Xin_xi” Yi_Yi Zn ﬁ
' din djn din djn din djn

L dip djp dip djp dip de
The Matrix in Eq. (8) is the PE mathematical model for a
multilateration system based on 5 GRSs. It represents the
least square (LS) problem with the aircraft position as the

unknown. The aircraft position is obtained given the TDOA
measurement set by solving the LS problem using Eg. (9).

x,=(A,) b 9)

In the next section, the effect of error in the input variable
on the overall PE accuracy of the lateration algorithm is
determined through matrix condition number calculation.

B. Effect of PD Measurement Error on the Lateration
Algorithm PE accuracy
In practical application, the PD measurements that is d;,,
and dj,,, in Eg. (2) contains an error which subsequently
affects the solution obtained using Eq. (9). The effect of the
error on the solution of Eq. (9) depends on the condition
number of matrix A;; denoted as K (A;;) [17].

Mathematically, K (A;;)is expressed as follows:

<=l n) ] @
where:
|Jm| +|C|Jm| +|D|Jm| +
L= fof e ol e
|B'JP| +|C'Jp| +|D|JP|
|Jm |C|Jm +|D|Jm
3 1
) =gy [l ol + o
|B'Jp| +|C'JP| +|D|JP|
det(A ) (BlijCi,j,nXDljp) (Bi‘j‘mei‘j‘pri‘j’n)—
(B|],nXCi,j‘mXDi,J,D)-I—(B'JDXC XDIJH) (11c)
(Bli,nXCiVJ‘pXDi‘J,m) (BIJPXC XD'lm)

See Appendix A for coefficients of Eq. (11). The higher the
K(A;;) value, the higher the error in the solution of Eq. (9)
which is due to the PDE error. Different GRS reference pairs
will result in different TDOA measurement sets which
subsequently leads to different entries of matrix A;;. This
results in different values of K (A;;). With N = 5 GRSs out
of which a pair of GRS is used as reference for the TDOA
measurement set generation, the total number of possible
GRS reference pair combinations are 10. Table 1 shows the
different combinations of the GRS reference pair.

Table 1
All possible combinations of GRS pair for TDOA measurement set
generation

GRS reference pair combination

i-th j-th
Pair 1 GRS 1 GRS 2
Pair 2 GRS 1 GRS 3
Pair 3 GRS 1 GRS 4
Pair 4 GRS 1 GRS5
Pair 5 GRS 2 GRS 3
Pair 6 GRS 2 GRS 4
Pair 7 GRS 2 GRS5
Pair 8 GRS 3 GRS 4
Pair 9 GRS 3 GRS 5
Pairl0  GRS4 GRS 5

Let the distribution of the five GRSs be in a 5-square
configuration as shown in Figure 1.
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Figure 1: The distribution of GRS in a five-square configuration [10 km
separation]

Consider three aircraft positions:

Xeq = (5 km,50 km, 1 km)
Xep = (=50 km,5 km, 7 km)
Xec = (50 km,—50 km, 7 km)

For each of the aircraft positions, the TDOA measurement
set using all the possible GRS reference pair combinations as
defined in Table 1 are obtained and substituted in matrix A;;
in Eg. (8). The condition number of each of the matrix is
calculated using Eq. (10) and is shown in Table 2.

Table 2
The K(AU) value for all the GRS pair with the GRSs in 5-square
configuration. Red shade indicates the pair with the highest K (A;;) value
and yellow shade indicates the pair with the least K(A,;) value.

measurement set for the PE of the aircraft at x,, ,,, while GRS
reference pair 1 is the most suitable to estimate the position
of the aircraft at x,.. Thus, there is need to choose the
suitable GRS pair to use as reference in generating the TDOA
measurement set for the PE of an aircraft at any given
position. This is to improve the accuracy at which aircraft
positions are estimated. Matrix A;; in Eq. (8) is a function of
the PD measurements and GRS coordinates. It cannot be used
for selecting the suitable GRS reference pair. This is because
the GRS reference pair selection process is performed prior
to the actual PE process and at that stage, only the PD
measurements are available. Hence, there is need to
determine the GRS reference pair to be used in obtaining the
PD measurement set independent of the GRS coordinates.

In the next section, a technique for selecting the suitable
GRS reference pair based on only generated PD measurement
set is presented.

I1l. REFERENCE STATION SELECTION BASED ON PD
MEASUREMENT SET

The technique to determine the GRS reference pair to be
used in generating the suitable PD measurement sets is
described in this section. The matrix A;; in Eq. (8) is a
function of both the PD measurement and GRS coordinates.
It can be factorized into two matrices with one having only
the PD measurement set obtained using any of the GRS
reference pair combinations presented in Table 1 as it entries.
The factorization of matrix A;; is as follows:

GRS reference
pair

pzd
©

Aircraft position

Xe,a Xe‘b Xe‘c

Pair 1
Pair 2
Pair 3

951 725

1033 634

2017

Pair 4
Pair 5
Pair 6
Pair 7
Pair 8
Pair 9
Pair 10

© 00 N o g B~ W N P

[
o

From Table 2, it is seen that K (A;;) varies with the GRS
reference pair and aircraft position. At aircraft position x4,
GRS reference pairs 8, 9 and 10 have the least K(A;;) value
of about 275 while GRS reference pairs 2, 5, 6, and 7 have
the highest K (A;;) value of about 1036. This means that the
TDOA measurement sets obtained with GRS reference pairs
8, 9, and 10 are the most suitable for use with the lateration
algorithm to estimate the aircraft located at x,, =
(5 km,50 km, 1 km). The TDOA measurement sets of these
GRS reference pairs used with the lateration algorithm will
result in aircraft position estimates with minimum error.

Extending the analysis to aircrafts at positions x,;, and
X, ., GRS reference pairs 8, 9 and 10 are the most suitable
pairs to be used as references in generating the TDOA

| Xim_XJm Z__Z'm
d,. d d, d,,
\ z. Z,
i e -
X, z, Z, Y, Y,
] d, d__d_ d, d,
[d,mxm d.mX,m] [d,mY.m d.mY,mj [d.mZ.m wl ]
d. X d.Y —dVY.
] ] (] om
[d IP JP] [d YP dIPYJP] [ IP JP]
_<djmdim)71
= (d d, )
L (12¢c)

[(d,X, dx)(dY dY)(dz -4,Z,,)

imNim im” jm imtim im" jm jm=im im= jm

(d X=X, ) (dp¥y=diY,)  (d,Z,-d,Z, )

in"Yin i’ jn jntin in" jn jn=in in=jn

(dx 0, X)) (dyY,-dyY, ) (dpZ,-d,Z,)

”p =t p oip i jp p=ip

18 ISSN: 2180 — 1843 e-ISSN: 2289-8131 Vol. 10 No. 2



Closed-Form 3-D Position Estimation Lateration Algorithm Reference Pair Selection Technique for a Multilateration System

From Eq. (12c), Let

(d,d,) " 0 0
M= 0 (dd)" 0 13)
0 0 (djpdip)il
and
(djmxim_dimxjm) (dijim_diijm) (djmzim_dimzjm)
Nij: (djnxin_dinxjn) (danin_diann) (djnzin_dinzjn) (14)

(dipxip_d' X

P jp

) (d Y _d'Y') (djpzip_dipzip)

R

The matrix M;; in Eq. (13) is seen to be a function of only
the PD measurements. It is possible to determine the suitable
GRS pair as reference for the lateration algorithm by looking
at its condition number. The condition number of matrix M

denoted as K (M;;) is obtained as follows:

ijo

djnxdinxdjpxdip
K(Mij): . r +
im>< jn
d_xd_ xd. xd.
im im ip |
[ d,, xd;, ] (15)
d]nxdinxd]mxdlm
dip xdy

The use of K(M;;) in Eq. (15) to determine the GRS pair
that is suitable as reference for generating the PD
measurement set to be used in the PE with lateration is
considered in the next section.

IV. RESULT AND DISCUSSION

In this section, the use of kK (M;;) in Eq. (15) for selecting
the suitable GRS pair as reference is validated by comparing
with K(A;;) in Eq. (10). The validation is carried out at the
selected aircraft positions defined in Table 3.

Table 3
Selected aircraft positions for validation of the proposed technique.

No Aircraft Emitter coordinates
) position x (km) y (km) z (km)
1 A 5 -50 1
2 B -20 20 4
3 C 100 50 7
4 D -50 -50 15

The GRS configurations considered are the 5-squared GRS
configuration shown in Figure 1 and pentagon configuration
shown in Figure 2.

15 @ GRs-1
B GRs-2
10 ® % GRs-3
. X GRS-4
g 5 GRS-5
o u >
g o
el
2
8
g 5
> * x
-10
-15
15 10 5 0 5 10 15

x-coordinate (km)
Figure 2: The distribution of the GRS in pentagon configuration

For each of the GRS configurations, K (A;;) from Eq. (10)
and K(M;) from Eq. (15) for each GRS pair presented in
Table 1 are obtained and compared. Table 4 and Table 5 show
the comparison between K (A;;) and K (M;;) for the 5-square
and pentagon GRS configurations, respectively. For both
GRS configurations and aircraft positions considered, the pair
with the least K (A;;) value also has the least K (M;;) value.
For instance, from Table 1 and at aircraft position B, GRS
reference pair 1 has the least condition number value which
is K(A;;) = 766 and also has the least K(M;;) = 14. This
means that the suitable GRS pair as reference to generate the
PD measurement set for the PE of an aircraft at position B is
GRS pair 1.

It can also be seen that some aircraft positions have more
than one GRS reference pair combinations having the least
K(A;;) and K(M;;) values. For instance, in Table 4 which
shows the condition number comparison for the 5-square
configuration, aircraft positions A, C, and D all have three
GRS reference pair combinations with equal K (A;;) value.
These GRS reference pairs happened to also have the
least K (A;;) values which are GRS reference pairs 8, 9 and
10. The K(A;;) value for these three GRS reference pair
combinations at aircraft positions A, C and D are 176, 778
and 1156 respectively while the K(M;;) value for these three
GRS reference pair combinations are also the least among all
the pairs with values of 2, 1 and 1 for aircraft at aircraft
positions A, C and D respectively. Thus, it is seen that even
though some aircraft positions have more than one GRS
reference pair combinations that leads to better PE accuracy,
the suggested techniques based on Eq. (15) can identify all
these GRS reference pair combinations to be used in
generating the PD measurement set for the lateration
algorithm.

Extending the analysis to Table 5 which present the
condition number comparison for the pentagon GRS
configuration, it is seen that the same conclusion can be
deduced. All the selected aircraft positions each have four
GRS reference pair combinations with equal K (A;;) values.
These values are 873, 421, 371, and 176 for aircraft at
positions A, B, C and D respectively. The corresponding
K(M;;) values for these aircraft positions with the least
K(A;;) values are 3, 14, 6 and 2 respectively which also
happened to be the GRS reference pair combinations having
the least values. It should be note that the higher the K (A,;)
or K(M;;) values, the higher the PE error. This means that
the best GRS pair can be selected for every aircraft position
but the value of error differs. Some aircraft positions will
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Table 4
K(A;;) and K (M;;) values comparison for the 5-square GRS configuration. Yellow shade indicates the GRS pair with the least K(A;;)
value while green shade indicates the GRS pair with the least K(Mi]-) value.

Aircraft Position

No. GRS pair A B C D
K(Ay)  K(My) K(Ay) KMy)  K(Ay)  K(My) K(Ay) K(My)
1 Pair 1 701 13 766 - 2120 5 21x107 13 x10*
2 Pair 2 638 10 9.2 x 10° 9916 2647 9 2.2 x 10* 37
3 Pair 3 643 11 9.2 x 10° 9835 2647 10 2.2 x 10* 40
4 Pair 4 708 14 965 18 1929 7 15%107  14x10*
5 Pair 5 638 9 9.2 x 10° 9916 2647 9 2.2 x 10* 37
6 Pair 6 638 9 9.2 x 10° 9916 2647 9 2.2 x 10* 37
7 Pair 7 638 9 9.2 x 10° 9916 2647 9 2.2 x 10* 37
8 Pair 8 176 10.1 x 10° 82 778 1156
9 Pair 9 176 10.1 x 10° 82 778 1156
10 Pair10 176 10.1 x 10° 82 778 1156
Table 5

K(A;;) and K(M;;) comparison for the pentagon GRS configuration. Yellow shade indicates the GRS pair with the least K (A;;)
value while green shade indicates the GRS pair with the least K(M,-,-) value.

Aircraft Position

No. GRS pair A B C D
K(Ay)  KMy) k() K(My)  K(Ay)  K(My) k(A K(My)

1 Pair 1 1.5e4 20 1141 5 404 5 191 5

2 Pair 2 873 - 421 - an - 176 -
3 Pair 3 958 4 226 7 2658 9 386 9

4 Pair 4 1.3e4 23 208 3 3761 10 1019 4

5 Pair 5 873 421 371 176

6 Pair 6 873 421 371 176

7 Pair 7 873 421 371 176

8 Pair 8 5068 6 1066 8 769 12 1198 10

9 Pair 9 5068 6 1066 769 12 1198 10
10 Pair 10 5068 6 1066 8 769 12 1198 10

have higher PE error values that others. In the end, the least
PE errors are obtained for each aircraft position using the
suggested technique.

Based on the results presented in Tables 4 and Table 5, it is
possible to determine the suitable GRS pair as reference to
generate the PD measurement set for PE using matrix M;; in
Eq. (13). This is done by calculating the K (M;;) value using
Eq. (15) for all the possible GRS pair combinations and then
choose the GRS pair with the least condition number as the
reference.

V. CONCLUSION

A technique for selecting the suitable GRS pair as reference
to generate the PD measurement set to be used in PE with the
closed-form lateration algorithm is suggested in this paper.
This is done to improve the PE accuracy of the lateration
algorithm. The suggested technique involves calculating the
condition number of a matrix with PD measurements as the

only entries. The condition number for all possible GRS pairs
as reference are obtained and the pair with the least condition
number is chosen as the reference. Using 5-square and
pentagon GRS configurations, the technique was validated at
some selected aircraft positions. The result verified that the
technique can be used in selecting the suitable GRS reference
pair. This work only focuses on using PD measurements to
select the suitable GRS reference pair for PE. The actual
improvement in the PE accuracy of the lateration algorithm
depends on the PD measurement error which is related to the
TDOA estimation algorithm used. Further research should
focus on determining the percentage improvement in the PE
accuracy of the lateration algorithm with the proposed
reference selection technique.
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APPENDIX

Coefficients of Eq. (11):

X Y
B | Xm . =|tm_'m
g dlm djm o dim djm
D. = Zin _Zin B, = Xin _ X
e dim djm di" djﬂ
Yo Yo YA n
CI jn :(i_ J Di,j,n =l J
diﬂ din din djn
B ip :(ﬁ_ﬁ C. .= Zp _Zi
- dip djp LJ,p dip d]p
D, (Y_Y_
ij.p
dlp djp
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