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Abstract—The paper investigates the state space analysis of 

memristor based series and parallel RLCM circuits. The 

stability analysis was carried out with the help of eigenvalues 

formulation method, pole-zero plot and transient response of 

system. The state space analysis was successfully applied and 

eigenvalues of the two circuits were calculated. It was found 

that the system followed a negative real part of eigenvalues. 

The result clearly shows that addition of memristor in circuits 

does not alter the stability of the system. It was found that 

systems’ poles are located at left hand side of the S plane, 

which indicates a stable performance of system. It is clear that 

the eigenvalues have negative real part; hence the two systems 

are internally stable. Furthermore, the time and frequency 

domain resulting from both the systems suggest the stability of 

bounded input and bounded output (BIBO).  

 

Index Terms—Memristor; State Space Analysis; Pole-Zero 

Plots; Stability. 

 

I. INTRODUCTION 

 

Memristor is known as the fourth basic passive circuit 

element characterized by its nonlinear relation between 

charge and magnetic flux and hysteresis loop in I-V plane. 

The first theoretical concept of memristor was postulated by 

L. Chua based on symmetric principle with rigorous 

mathematical proof [1]. The first experimental realization of 

memristor was confirmed by team of HP group in 2008 [2]. 

After the first realization of memristor, a large number of 

new applications areas have emerged in the last few years. 

The applications in the memory technology, neuromorphic 

hardware solution, soft computing, biomedical are only few 

of them [3-13].  

The memristor is well suited for future resistive memory 

technology due to its high density of data storage, long data 

retention, low operating voltage, high endurance, fast read 

and write speed, lower programming current, fast switching 

speed and compatible with conventional CMOS process [14-

15]. The memory property with resistance is a unique kind 

of feature, which leads to many application areas, 

particularly in circuit design. Recently, our research group 

developed nanostructured TiO2 thin film memristor using 

hydrothermal process with low operation voltage (±0.68 V) 

[16]. In the point of view of circuit theory, Driscoll et al. 

reported memristive adaptive memory filter [17]. Talukdar 

et al. reported third-order autonomous linear time variant 

circuit based on memristor [18]. Pershin et al. reported 

memristor emulator and showed some of the applications of 

memristors in programmable analog circuit domain [19]. 

Kolka et al. reported frequency domain analysis of circuits 

with mem-elements and computed steady state analysis 

using harmonic balance method [20]. 

Considering the above facts and literature survey, 

memristor is a potential candidate for the next generation 

analog and digital circuits. In view of this, it is obligatory to 

investigate the performance and stability of memristor based 

circuits. The presents manuscript is also helpful for the 

undergraduate students to learn memristor dynamic and 

stability issues. In light of above facts, the present short 

communication discusses the state space analysis for 

memristor based series and parallel RLCM circuits. The 

stability analysis was carried out with the help of 

eigenvalues formulation method, pole-zero plot and 

transient response of system. In this investigation, we 

considered memristor as symmetric piecewise-linear 

driving-point (DP) nonlinear resistor, and at a high 

frequency, it behaves like a simple linear resistor [21]. The 

main contributions of the present paper are as follows: 

 Simulated the nanostructured memristor using linear 

drift model reported in [2]. 

 We calculated the eigenvalues of both the systems 

and showed the systems are internally stable using 

pole-zero plot. 

 The stability was also investigated using the system's 

responses to standard test signals (step and impulse).  

 The BIBO stability was investigated using time and 

frequency domain analysis.  

 We showed that the addition of memristor in circuit 

did not alter the performance of the system. 

 

II. OVERVIEW OF MEMRISTOR 

 

The memristor is a simple resistor with memory, and it is 

defined using the relationship between the charge and 

magnetic flux, as depicted in Equation (1). It is a 

fundamental and passive element due to the fact that there is 

no other combination of resistor, inductor and capacitor 

mimic with its pinched hysteresis loop in I-V plane. The 

fingerprint characteristics of memristor based on linear drift 

model are shown in Figure 1 (a and b). The simulation result 

clearly shows that Flux-Charge curve has nonlinear, 
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continuously differentiable, and monotonically increasing 

relation. This property made memristor a passive element. 

The slope of this curve represents the Memristance M(q). 

The pinched hysteresis loop in the I-V plane is the 

fingerprint characteristics of memristor. This distinct 

property of memristor could not be realized in combination 

or alone by the other three passive circuit elements, hence 

memristor is a fundamental circuit element. The simulation 

realization of memristor was based on a linear dopant drift 

model with the state variable limited to the interval [0, D] 

and window function considered to be f(x)=w(1-w). For the 

present simulation, the following parameters were kept 

constant:  Input sinusoidal signal- VM sinwt, where VM = 1V, 

w = 2 Hz; Drift Velocity of oxygen vacancies = μV = 10-14 

m2V-1s-1; D = 10 nm; w= 3 nm; RON = 75Ω; ROFF = 16 KΩ; 

M-efficiency factor (ROFF/RON) = 213.33. 

 

 

 
 

Figure 1: (A) Plot of Flux V/S Charge. (B) Plot of Current V/S Voltage. 

 

 

Memristor does not store any charge itself but it is a 

totally dissipative circuit element [1]. L. Chua defined 

memristor based on state variable ‘w’ and state variable 

either charge (current controlled memristor) or magnetic 

flux (voltage controlled memristor), defined in Equation (2) 

and (3) respectively [22]. 

    
𝑑φ

𝑑𝑞
= 𝑀       (1) 

𝑣 =  𝑀(𝑞)𝑖     (2) 

𝑖 =  𝑊(φ)𝑣     (3) 

 

The 𝑀(𝑞) and 𝑊(φ) are known as memristance and 

memductance nonlinear functions where, M (q) is in the 

units of ohms and W(𝜑) is in Siemens [22]. The terminal 

quantities of memristor are given by Pershin et al. [15] and 

Kolka et al. [20, 23], based on their formulation, 

 

𝑉(𝑡) =
𝑑𝜑 (𝑞)

𝑑𝑡
= 

𝑑𝜑 (𝑞)

𝑑𝑞
 
𝑑𝑞

𝑑𝑡
 = RM (q) i (t)  (4)    

𝑖(𝑡) =
𝑑𝑞 (𝜑)

𝑑𝑡
= 

𝑑𝑞 (𝜑)

𝑑𝜑
 
𝑑𝜑

𝑑𝑡
 = GM (φ) V (t)  (5) 

 

The RM (q) and GM (φ) are treated as memristance and 

memductance similar to Equation (2) and (3) respectively. 

For the sake of simplicity, we have concentrated our study 

only on current controlled memristor.   

 

III. STATE SPACE ANALYSIS 

 

Figure 2 represents series connection of resistor (R), 

inductor (L), capacitor (C) and memristor (M) circuit. The 

circuit was excited by a sinusoidal signal U(t) and i is a total 

current flowing through the circuit. The VL, VR, VC, and VM 

are the voltage across inductor, resistor, capacitor and 

memristor respectively. The above circuit consists of two 

states variable VC and IL, and one output variable Y which 

are defined by Equation (6). 

 

 
Figure 2: Series RLCM Circuit 

 

X1 = Vc 

X2 = IL    (6) 

Y= IL 

 

Applying KVL to the above circuit we derive, 

 

U(t) = VL + VR + VC + VM 

 

U(t) = 𝐿
𝑑𝐼𝐿

𝑑𝑡
 + R IL + VC+ RM (q) IL 

 

From the above equations, we get two relations regarding 

with the state variables, 

 

  
𝑑𝑉𝑐

𝑑𝑡
= 

𝐼𝐿

𝐶
    (7)   

 
𝑑𝐼𝐿

𝑑𝑡
= 

𝑈

𝐿
−
𝑅

𝐿
 𝐼𝐿 − 

1

𝐿
 𝑉𝑐 − 

𝑅𝑀(𝑞)

𝐿
 𝐼𝐿     (8)      

  

Rearranging the above Equation (7) and (8), we get:   
      

Ẋ1 = 
𝑋2

𝐶
    (9) 

   

Ẋ2 = 
𝑈

𝐿
−
𝑅

𝐿
 𝑋2 − 

1

𝐿
 𝑋1 − 

𝑅𝑀(𝑞)

𝐿
 𝑋2    (10)      

 

From Equation (9) and (10), we can write a state matrix in 

the form of Ẋ = Ax + BU and Y = Cx, where X = [X1, X2] T 

 

[ 
 Ẋ1
 Ẋ2
 ] = [

   0
1

𝐶

−
1

𝐿
−(

𝑅

𝐿
+
𝑅𝑀(𝑞)

𝐿
)
]. [ 
 𝑋1
 𝑋2
  ]  +  [ 

 0

 
1

𝐿

  ] . U   (11) 

Y = [1 1] . [ 
 𝑋1
 𝑋2
  ]  (12) 

 

Equation (11) and (12) represent the required state space 

representation of memristor based series RLCM circuit.  
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Figure 3 represents parallel connection of resistor (R), 

inductor (L), capacitor (C) and memristor (M) circuit. The 

circuit was excited by sinusoidal signal Is(t) and IR, IL, IC, 

and IM are the current through resistor, inductor, capacitor, 

and memristor respectively. The above circuit consists of 

two states variable VC and IL and one output variable Y 

which are defined as follows: 

 

 
 

Figure 3: Parallel RLCM Circuit 
 

 X1 = Vc 

X2 = IL   (13) 

Y= Vc 
 

 

Applying KCL to the above circuit we get: 

 
 

IS (t) = IR + IL + IC + IM 
 

IS (t) = 
𝑉𝑐

𝑅
 + IL + 𝐶

𝑑𝑉𝑐

𝑑𝑡
 + 

𝑉𝑐

𝑅𝑀(𝑞)
 

𝐿
𝑑𝐼𝐿
𝑑𝑡
= 𝑉𝑐 

 

From the above equations, we get two relations regarding 

with the state variables: 
 

𝑑𝑉𝑐

𝑑𝑡
= −

𝑉𝑐

𝑅𝐶
 - 
𝐼𝐿

𝐶
 - 

𝑉𝑐

𝑅𝑀(𝑞)𝐶
 + 

𝐼𝑠

𝐶
    (14)  

  

𝑑𝐼𝐿

𝑑𝑡
=  

1

𝐿
𝑉𝑐         (15)       

 

Rearranging the above Equation (14) and (15), we get:  

 

Ẋ1 = −
𝑋1

𝑅𝐶
 - 
𝑋2

𝐶
 – 

𝑋1

𝑅𝑀(𝑞)𝐶
 + 

𝐼𝑠

𝐶
     (16)  

 Ẋ2 = 
1

𝐿
𝑋1            (17)  

 

From Equation (16) and (17), we can write a state matrix 

in the form of Ẋ = Ax + BU and Y = Cx where, X = [X1, X2] 
T 

 

[ 
 Ẋ1
 Ẋ2
 ] = [

 − (
1

𝑅𝐶
+

1

𝑅𝑀(𝑞)𝐶
) −

1

𝐶  

1

𝐿
   0
  ]. [ 

 𝑋1
 𝑋2
  ]  +  [ 

 
1

𝐶

 0
  ] . IS          (18) 

 

Y = [1 1] . [ 
 𝑋1
 𝑋2
  ]                            (19) 

 

Equation (18) and (19) represent the required state space 

representation of memristor based the Parallel RLCM 

circuit.  

The eigenvalues of memristor based series and parallel 

RLCM circuit are as follows, 
 

 λ1,2 (Series) = −(
R+RM(q)

2
) ± √

C(R+RM(q))
2− 4

LC
          (20)  

λ1,2 (Parallel) = −

(

 
 
 (
1

RC
+ 

1

RM(q)C
) ± √(

1

RC
+ 

1

RM(q)C
)
2

− 4 (
1

LC
) 

2

)

 
 

  (21)   

 

The equations (20 and 21) represent the eigenvalues of the 

memristor based series and parallel circuit respectively. It is 

clearly evident that eigenvalues have negative real part; and 

hence the above two systems are internally stable.  

 

IV. TIME AND FREQUENCY DOMAIN ANALYSIS OF SERIES 

AND PARALLEL RLCM CIRCUITS 

 

The pole-zero plot and system response to the standard 

test signal (step and impulse) are derived to define the 

stability of the system. The systems transient responses are 

depicted in Figure 4 (a-b) and pole-zero plots are shown in 

Figure 4 (c-d) respectively. The performance parameters of 

both the circuits are given in Table 1. For the present 

simulation, the following parameter were kept constant: R = 

1 Ω, L = 0.1 H for series RLCM and RLC circuits and L = 1 

H for parallel RLCM and RLC circuits, C = 1 F, and M = 1 

Ω. It is clearly evident from Figure 4 (a-b) that the transient 

responses of systems posses BIBO stability. The result 

clearly indicates series RLCM circuit have a complex root 

with negative real parts and parallel RLCM circuit that have 

distinct root with negative real parts. The overall result 

shows the BIBO stability of the two systems.  

 

 
 

Figure 4: (a) Step Response of Series and parallel RLCM Circuit. (b): 

Impulse Response of Series and Parallel RLCM Circuit. (c): Pole-Zero map 

of Series RLCM Circuit. (d): Pole-Zero map of parallel RLCM Circuit. 
 

 

For the comparison purpose, we calculated the state space 

matrix and eigenvalues of conventional series and parallel 

RLC circuits which are given in Equations (22) - (25) 

respectively.  

[ 
 Ẋ1
 Ẋ2
 ] = [

   0
1

𝐶

−
1

𝐿
−
𝑅

𝐿

]. [ 
 𝑋1
 𝑋2
  ]  +  [ 

 0

 
1

𝐿

  ] . U  (22) 

 

                [ 
 Ẋ1
 Ẋ2
 ] =[

 −
1

𝑅𝐶  
−

1

𝐶  
1

𝐿
   0
  ] .[ 

 𝑋1
 𝑋2
  ]+[ 

 
1

𝐶

 0
  ] .IS                    (23)  

λ1,2 (Series) = −(
R

2L
) ± √

R2

4L2
−

1

𝐿𝐶
   (24)  
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λ1,2 (Parallel) = −(
1

2RC
) ± √

R2

4R2C2
−

1

𝐿𝐶
   (25)   

 

The comparison of the memristor based series and parallel 

RLCM circuits with conventional RLC circuits are 

summarized in Table 1. It was observed that the memristor 

based circuits have lower peak amplitude, overshoot, peak 

time, and settling time than the conventional RLC circuits. 

Moreover, it was observed that the conventional series and 

parallel RLC circuits have a complex root with negative real 

parts and negative eigenvalues; hence, these systems are 

considered as stable systems. On the other hand, memristor 

based circuits also show the stability of BIBO. From the 

above results it can be concluded that the addition of 

memristor in circuit does not alter the performance of 

system.  
 

Table 1 

Performance Parameters of Series and Parallel RLCM and RLC Circuits 

 

Performance Parameters 
Series 
RLCM 

Parallel 
RLCM 

Series 
RLC 

Parallel 
RLC 

Peak 

Amplitude 

Step  
Response 

0.27 0.99 0.33 1.30 

Overshoot 

(%) 
177 0.00 240 30 

Peak Time 
(s) 

0.49 6.00 0.60 2.37 

Rise Time 

(s) 
0.08 2.20 0.08 0.939 

Settling 

Time (s) 
4.06 3.91 12 8.41 

Final Value 0.10 1.00 0.10 1.00 

Pole 

Location 

α1 =  

-1 + 3j  

and 
α2 =  

-1-3j 

-1 

α1 =  

-0.5+3j  

and 
α2 = -

0.5-3j 

α1 = -

0.5+86j  

and 
α2 =  

-0.5-86j 

Zero 

Location 

 

Z= -1 Z= -1 Z= -1 Z= -1 

Peak 
Amplitude Impulse 

Response 

1.00 1.00 1.00 1.00 

Settling 

Time (s) 
5.00 3.91 9.45 9.63 

 

The frequency domain response of memristor based series 

and parallel RLCM circuits are shown in Figs. 5(a-d). The 

Bode plot represents the magnitude and phase response of a 

system with respect to various frequencies. The maximum 

gain of series RLCM circuit is at 3 Hz and Parallel RLCM 

circuit at ~1 Hz. The gain is roll of  -20dB/decade for both 

the circuits. This typical property can be utilized to design 

the memristor based on low pass and high pass filters [17, 

24-25]. The Nyquist plot for memristor based series and 

parallel RLCM circuits are shown in Figure 5(b). The 

Nyquist plot shows the frequency and amplitude response of 

a system in a single plot. In other words, it is a polar plot in 

the frequency domain of a linear system. The series RLCM 

circuit shows the two poles at α1 = -1 + 3j and α2 = -1 - 3j; 

hence, at high frequencies, the asymptote is at -180o. The 

two poles and one zero property of series RLCM circuit are 

similar to second order system characteristics. The parallel 

RLCM circuit consists of only one zero with the absence of 

pole, which results in a perfect circle, like the characteristics 

with asymptote at -90o. From the Nyquist plot, it is clearly 

seen that the series and parallel RLCM systems possess the 

BIBO stability.  

Figure 5(c) represents the Nichols plot of series and 

parallel RLCM circuit and 5(d) represents the Hankel 

Singular value plot of the system. The Nichols plot is a 

magnitude and phase plot with varying frequencies similar 

to Bode and Nyquist plot. The Nichols plot is a special case 

in frequency domain, in which the system response consists 

of an open loop response with transient response of system 

[26]. The Hankel Singular value plot represents the stable 

modes of a system. From both plots, it is clearly seen that 

the system possessed BIBO stability.  

 

 
 

Figure 5: (a) The Bode Plot of Memristor based Series and Parallel RLCM 

Circuits. (b) The Nyquist Plot of Memristor based Series and Parallel 

RLCM Circuits. (c) The Nichols Plot of Memristor based Series and 
Parallel RLCM Circuits. (d) Hankel Singular value plot of the system. 

 

V. CONCLUSION 

 

The present paper deals with the state space analysis of 

memristor based series and parallel circuits. The state space 

analysis with eigenvalues methodology was adopted to 

investigate stability. The systems have negative real part of 

eigenvalues, hence the above two systems are internally 

stable. It simply means that the pole of systems is located at 

left hand side of ‘S’ plane. The responses of the system  to 

the standard test signal (step and impulse) also show the 

stability of systems. The results of the time and frequency 

domain of both systems also suggest BIBO stability. The 

comparison of the memristor based series and parallel 

RLCM circuits with conventional RLC circuits also suggest 

that the addition of memristor in circuit does not alter the 

performance of the system. As a part of the current research, 

time and frequency domain simulation of series and parallel 

RLCM circuits were demonstrated. However, the scope of 

the future research is to develop series and parallel RLCM 

circuits using off-the-shelf circuit components (R, L, and C) 

and hydrothermally synthesized micro memristor. We would 

like to compare the simulation results and experimental 

results in the next stage of research. 
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